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It is well known that, due to Boutroux, the ﬁrst Painlevé equation admits solutions
characterized by divergent asymptotic expansions near inﬁnity in speciﬁed sectors of the
complex plane. In this paper, we show that such solutions exist for higher order analogues
of the ﬁrst Painlevé equation (the ﬁrst Painlevé hierarchy) as well.
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1. Introduction and statement of results
The ﬁrst Painlevé equation is the second order nonlinear differential equation:
w ′′ = 6w2 + x. (1.1)
This equation, together with ﬁve other ones, was ﬁrst studied by Painlevé and his colleagues at the turn of twentieth
century. They all possess the famous Painlevé property (i.e., the only movable singularities are poles) and cannot be solved
in terms of elementary functions or known classical special functions in general. The solutions of these equations, which are
called the Painlevé transcendents, have important applications in the study of integrable partial differential equations [1,14],
universality conjectures in the random matrix theory [2,5,6], asymptotics of orthogonal polynomials [9,11] and many other
ﬁelds of mathematics.
As a generalization, the higher order analogues of the Painlevé equations also attract much interest in recent research.
These analogues and the Painlevé equations themselves are called the Painlevé hierarchies. There are several ways to deter-
mine such analogues in the literature. For example, we refer to [13, §16, §22] for a detailed construction of the ﬁrst and
second Painlevé hierarchies based on the self-similar reduction of the Korteweg–de Vries hierarchy and references therein
for other methods.
In this paper, we will concentrate on the ﬁrst Painlevé hierarchy (P(n)I , n = 1,2,3, . . .), which are higher order analogues
of the ﬁrst Painlevé equation (1.1) — a sequence of nonlinear ordinary differential equations of order 2n. They are deﬁned
by (cf. [13,18])
P(n)I : dn+1[w] + 4x = 0, n = 1,2,3, . . . , (1.2)
where dn[w] are the functions of w(x) recursively determined by
d0[w] = 1,
Ddn+1[w] =
(
D3 − 8wD − 4w ′)dn[w], n ∈ N ∪ {0}, (1.3)
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394 D. Dai, L. Zhang / J. Math. Anal. Appl. 368 (2010) 393–399with D := d/dx = ′ . Suppose all the integration constants of dn[w] are equal to zero, it is easily veriﬁed that Eq. (1.2) is
exactly (1.1) when n = 1. And the subsequent two members in (1.2) are explicitly given by
w(4) = 20ww ′′ + 10(w ′)2 − 40w3 + x, (1.4)
w(6) = 28ww(4) + 56w ′w(3) + 42(w ′′)2 − 280(w2w ′′ + w(w ′)2 − w4)+ x. (1.5)
Some applications of the ﬁrst Painlevé hierarchy in mathematical physics can be found, for example, in [4,7,8,10,20].
One of the main topics in the studies of the Painlevé hierarchies is the investigations of asymptotics of the solutions.
For the ﬁrst Painlevé equation (1.1), Boutroux [3] derived two types asymptotic expansion of w(x) as |x| → ∞ (here x is a
complex variable). One is given in terms of Weierstrass elliptic function whose periods depend on arg x. The other one takes
the form
w(x) ∼
(
−1
6
x
)1/2 ∞∑
n=0
an
x5n/2
, as |x| → ∞ (1.6)
where a0 = 1,
an+1 = (1− 25n
2)i
8
√
6
an − 1
2
n∑
m=1
aman+1−m, (1.7)
and an appropriate branch of the square root is chosen. Let Ω j be sectors deﬁned as
Ω j :=
{
x ∈ C
∣∣∣
∣∣∣∣arg x+ 2 j + 15 π
∣∣∣∣< 25π
}
, j = 0,±1,±2. (1.8)
It turns out that, for ﬁxed j, there exists a solution of (1.1), called tronquée solution, whose asymptotic behavior is given by
(1.6) if x → ∞ and x ∈ Ω j . Furthermore, there exists a unique solution to the ﬁrst Painlevé equation with the asymptotic
expansion (1.6) valid in the region given by∣∣∣∣arg x+ 2 j + 15 π
∣∣∣∣< 45π, j = 0,±1,±2.
We call such solutions tri-tronquée solutions. Note that both tronquée solutions and tri-tronquée solutions are pole free
outside a circle large enough in some sectors of the complex x-plane, which distinguish them from the general solutions
of (1.1) that have poles in every sector of the plane. We mention [16] for a modern treatment and further study of the
tri-tronquée solutions for the ﬁrst Painlevé equation. See also [15] and [17] for extensions of tri-tronquée solutions to the
perturbed ﬁrst Painlevé equation and the second Painlevé hierarchy, respectively.
The main purpose of this paper is to establish the existence of the tronquée solutions of the ﬁrst Painlevé hierarchy. To
the best of our knowledge, this has not been done before, although there are several papers concerning the study of the
power expansions of the solutions by power geometry method; see, e.g., [12,19]. Our main result is the following:
Theorem 1. For n = 1,2,3, . . . , each member in the ﬁrst Painlevé hierarchy (1.2) admits a formal solution
w f (x) =
(
(−1)nx
cn
) 1
n+1 ∞∑
k=0
a(n)k
(
2n + 2
2n + 3 x
2n+3
2n+2
)−k
(1.9)
with an appropriate choice of branch of x
1
2n+1 . Here
cn = 2
3n+1Γ (n + 3/2)
Γ (n + 2)Γ (1/2) , (1.10)
a(n)0 = 1 and the other coeﬃcients a(n)k , k  1, are determined by substitution. Furthermore, there exists a true solution wt(x) of
Eq. (1.2), whose asymptotic behavior is prescribed by w f (x) when x → ∞ and x ∈ Sn. Here, the sector Sn is deﬁned by
Sn :=
{
x ∈ C
∣∣∣ |x| > |x0|, ∣∣arg(x− x0)∣∣< (n + 1)π
2n + 3
}
, (1.11)
with x0 ∈ C and x0 
= 0.
The rest of the paper is mainly devoted to the proof of Theorem 1. As in [17], the basic idea is to reduce the member of
the ﬁrst Painlevé hierarchy into a matrix form and then apply theories developed by Wasow [21] to prove our results. We
conclude this paper with the asymptotics of k-th derivative of tronquée solutions of the ﬁrst Painlevé hierarchy.
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We begin with a useful proposition which gives the explicit structure of the ﬁrst Painlevé hierarchy.
Proposition 1. For each n = 1,2, . . . , the differential equation P(n)I deﬁned in (1.2) takes the form
w2n =
n−1∑
l=1
Q (n)l (w0,w1, . . . ,w2n−2l) + βnwn+10 + x, (2.1)
where wk := dkw(x)/dxk,
βn = (−1)n−123n+1 Γ (n + 3/2)
Γ (n + 2)Γ (1/2) , (2.2)
and, for each 1 l n − 1,
Q (n)l (w0,w1, . . . ,w2n−2l) =
∑
k0,ll
‖kl‖1=2n+1−l‖kl‖2=l+1
ak0,l,...,k2n−2l,l w
k0,l
0 w
k1,l
1 · · ·w
k2n−2l,l
2n−2l (2.3)
is a polynomial in w0,w1, . . . ,w2n−2l of degree l (with respect to w0). In (2.3), the coeﬃcients ak0,l,...,k2n−2l,l are constants (some of
which can be zero) and we associate with each multi-index kl := (k0,l, . . . ,k2n−2l,l) (ki,l  0, i = 0,1, . . . ,2n − 2l) two norms
‖kl‖1 :=
2n−2l∑
p=0
(p + 1)kp,l, ‖kl‖2 :=
2n−2l∑
p=0
kp,l. (2.4)
Proof. We will apply the method of mathematical induction to prove our claim. Firstly, it is easily veriﬁed that (2.1)–
(2.3) hold for P(1)I and P
(2)
I . Moreover, by introducing the integral operator D
−1( f ) := ∫ f (x)dx, it follows from (1.3) and
integration by parts that
dn+1[w] =
(
D2 − 8w0 + 4D−1w1
)
dn[w], (2.5)
where the integration constants are taken to be zero, as assumed. For later use, we associate with each monomial of the
form wk00 w
k1
1 · · ·w
kp
p (ki  0, 0 i  p) two indices
Ind1
[
wk00 w
k1
1 · · ·w
kp
p
] := p∑
i=0
(i + 1)ki, Ind2
[
wk00 w
k1
1 · · ·w
kp
p
] := p∑
i=0
ki; (2.6)
see (2.4) for motivations. If Q is a linear combination of monomials of the same indices, we deﬁne the indices of Q to be
the indices of the monomials.
Next, we assume the formulas (2.1)–(2.3) are also valid for P(k)I , k > 2, i.e.,
w2k =
k−1∑
l=1
Q (k)l (w0,w1, . . . ,w2k−2l) + βkwk+10 + x, (2.7)
where Q (k)l (w0,w1, . . . ,w2k−2l), 1 l k − 1, is given by (2.3) with n replaced by k. This, together with (1.2), implies
dk+1[w]/4 = −x = −w2k +
k−1∑
l=1
Q (k)l (w0,w1, . . . ,w2k−2l) + βkwk+10 . (2.8)
By our deﬁnitions of indices in (2.6) and the explicit formula of Q (k)l , we have
Ind1
[
Q (k)l
]= 2k + 1− l, and Ind2[Q (k)l ]= l + 1, 1< l < k − 1. (2.9)
A direct calculation yields
Ind1
[
D2
(
Q (k)l
)]= 2k + 3− l, Ind2[D2(Q (k)l )]= l + 1;
Ind1
[
w0Q
(k)
l
]= 2k + 2− l, Ind2[w0Q (k)l ]= l + 2;
Ind1
[
D−1w1
(
Q (k)
)]= 2k + 2− l, Ind2[D−1w1(Q (k))]= l + 2. (2.10)l l
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(
D2 − 8w0 + 4D−1w1
)
w2k = w2(k+1) − 8w0w2k + 4
(
k−1∑
i=1
(−1)i+1wiw2k−i + (−1)
k+1
2
w2k
)
(2.11)
and
(
D2 − 8w0 + 4D−1w1
)
wk+10 = (k + 1)
(
kwk−10 w
2
1 + wk0w2
)+( 4
k + 2 − 8
)
wk+20 . (2.12)
Now, substituting (2.8) into (2.5) with n = k + 1, and collecting monomials or polynomials of the same indices with the aid
of (2.10)–(2.12), we conclude that Q (k+1)l takes our desired form (2.3), and
w2(k+1) =
k∑
l=1
Q (k+1)l (w0,w1, . . . ,w2(k+1)−2l) + βk+1wk+20 + x, (2.13)
where βk+1 = −8k−12k+2 βk . In particular, when l = 1, one has
Q (k+1)1 (w0,w1, . . . ,w2(k+1)−2l) = D2
(
Q (k)1
)+ 8w0w2k − 4D−1w1(w2k). (2.14)
Finally, the formula (2.2) follows from the difference equation βn+1 = −8n−12n+2 βn with the initial condition β1 = 6.
This completes the proof of the proposition. 
To show each equation in (2.1) admits a formal solutions as indicated in (1.9), we need the following:
Proposition 2. By setting
w(x) = x 1n+1 u(z) and z = 2n + 2
2n + 3 x
2n+3
2n+2 , (2.15)
we can rewrite each equation in (2.1) as
d2nu(z)
dz2n
= −
2n−1∑
i=0
c˜2n,i z
i−2n diu(z)
dzi
+ βnu(z)n+1 + 1
+
n−1∑
l=1
z2l−2n
∑
0mk,ll+1
0k2n−2l
hm0,l,...,m2n−2l,l (z)
2n−2l∏
k=0
(
dku(z)
dzk
)mk,l
, (2.16)
where c˜2n,i are some constants and hm0,l,...,m2n−2l,l (z) are polynomials of degree no larger than 2n − 2l. Moreover, each equation in
(2.16) admits a formal solution
u f (z) =
(
(−1)n
cn
) 1
n+1 ∞∑
k=0
a(n)k z
−k, a(n)0 = 1, (2.17)
where cn is given in (1.10) and the coeﬃcients a
(n)
k , k 1, are determined by substitution.
Proof. The proof is based on elementary calculations. By (2.15), we observe that, for any positive integer p,
dpw(x)
dxp
=
p∑
i=0
(
p
i
)
diu(z)
dxi
dp−i x
1
n+1
dxp−i
=
p∑
i=0
cp,i x
1
n+1−(p−i)x
i
2n+2 d
iu(z)
dzi
= x
p∑
i=0
cp,i x
(2n+3)i−2np−2n−2p
2n+2 d
iu(z)
dzi
= x
p∑
c˜p,i z
i− 2np+2n+2p2n+3 d
iu(z)
dzi
, (2.18)i=0
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2np+2n+2p
2n+3 cp,i and c˜p,p = ( 2n+32n+2 )
p−2n
2n+3 . Note that if p = 2n, it is
immediate
d2nw(x)
dx2n
= x
2n∑
i=0
c˜2n,i z
i−2n diu(z)
dzi
. (2.19)
As a consequence of (2.18), we have
wkp =
(
dpw(x)
dxp
)k
= xk
∑
sp0+sp1+···+spp=k
csp0 ,s
p
1 ,...,s
p
p
p∏
i=0
(
zi−
2np+2n+2p
2n+3 d
iu(z)
dzi
)spi
= xkz−( 2np+2n+2p2n+3 )k
∑
sp0+sp1+···+spp=k
csp0 ,s
p
1 ,...,s
p
p
z
∑p
i=0 is
p
i
p∏
i=0
(
diu(z)
dzi
)spi
, (2.20)
where csp0 ,s
p
1 ,...,s
p
p
are some constants. In particular, for any multi-index kl = (k0,l, . . . ,k2n−2l,l) (kp,l  0, p = 0,1, . . . ,2n − 2l,
1 l n − 1) satisfying
‖kl‖1 =
2n−2l∑
p=0
(p + 1)kp,l = 2n + 1− l, ‖kl‖2 =
2n−2l∑
p=0
kp,l = l + 1, (2.21)
it follows from (2.20) that
w
k0,l
0 w
k1,l
1 · · ·w
k2n−2l,l
2n−2l = x
∑2n−2l
p=0 kp,l z−
∑2n−2l
p=0 (
2np+2n+2p
2n+3 )kp,l
2n−2l∏
j=0
∑
s j0,l+s j1,l+···+s jj,l=k j,l
c
s j0,l,s
j
1,l,...,s
j
j,l
z
∑ j
i=0 is
j
i,l
j∏
i=0
(
diu(z)
dzi
)s ji,l
= xz2l−2n
2n−2l∏
j=0
∑
s j0,l+s j1,l+···+s jj,l=k j,l
c
s j0,l,s
j
1,l,...,s
j
j,l
z
∑ j
i=0 is
j
i,l
j∏
i=0
(
diu(z)
dzi
)s ji,l
. (2.22)
By substituting (2.15), (2.19) and the above formula into (2.1), we obtain the desired equation as shown in (2.16) with
polynomials hm0,l,...,m2n−2l,l (z) being linear combinations of products of z
∑ j
i=0 is
j
i,l , under conditions s j0,l + s j1,l + · · · + s jj,l = k j,l ,
0 j  2n − 2l.
To estimate the degree of polynomials hm0,l,...,m2n−2l,l (z), we note that for any i  j, s
j
i,l  k j,l , hence, the degree of z
∑ j
i=0 is
j
i,l
is no larger than jk j,l . Since hm0,l,...,m2n−2l,l (z) are linear combinations of products of z
∑ j
i=0 is
j
i,l , it then follows from (2.21)
that the degree of hm0,l,...,m2n−2l,l (z) is no larger than
2n−2l∑
p=0
pkp,l = 2n − 2l. (2.23)
The formal solution (2.17) is then a result of the structure of equation for u(z) shown in (2.16) and the assumption
dlu(z)
dzl
 u(z), l = 1,2, . . . , for z large. 
Proof of (1.9). The formula (1.9) now follows directly from (2.15) and (2.17) in Proposition 2. 
To establish the existence of a true solution of (1.2) with asymptotic expansions prescribed by (1.9) in given sectors Sn ,
we need the following theorem [21, Theorem 12.1].
Theorem 2. Let S be an open sector of the complex z-plane with vertex at the origin and a positive central angle not exceeding
π/(q + 1) (q a nonnegative integer). Let f (z, y) be an N-dimensional vector function of z and the N-dimensional vector y with the
following properties.
1. f (z, y) is a polynomial in the components y j of y, j = 1, . . . ,N, with coeﬃcients that are holomorphic in z in the region
0< z0  |z| < ∞, z ∈ S (z0 a constant). (2.24)
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3. If f j(z, y) denotes the components of f (z, y) then all the eigenvalues λ j , j = 1,2, . . . ,N, of the Jacobian matrix{
lim
z→∞,z∈S
(
∂ f j
∂ yk
∣∣∣∣
y=0
)}
(2.25)
are different from zero.
4. The differential equation
z−q y′ = f (z, y) (2.26)
is formally satisﬁed by a power series of the form
∞∑
r=1
yr z
−r . (2.27)
Then there exists, for suﬃciently large z in S, a solution y = φ(z) of (2.26) such that, in every proper subsector of S,
φ(z) ∼
∞∑
r=1
yr z
−r, z → ∞. (2.28)
Proof of the existence of tronquée solutions. We make a further transformation
y(z) = u(z) −
(
(−1)n
cn
) 1
n+1
, (2.29)
where cn is given in (1.10). It then follows from (2.16) that y(z) satisﬁes
d2n y(z)
dz2n
= −
2n−1∑
i=1
c˜2n,i z
i−2n di y(z)
dzi
− c˜2n,0
y(z) + ( (−1)ncn )
1
n+1
z2n
+ βn
[
y(z) +
(
(−1)n
cn
) 1
n+1 ]n+1
+ 1
+
n−1∑
l=1
z2l−2n
∑
0mk,ll+1
0k2n−2l
hm0,l,...,m2n−2l,l (z)
×
[
y(z) +
(
(−1)n
cn
) 1
n+1 ]m0,l 2n−2l∏
k=1
(
dk y(z)
dzk
)mk,l
. (2.30)
We can rewrite Eq. (2.30) in vector form by introducing a 2n × 1 vector-valued function
Y˜ (z) := (Y˜1(z), Y˜2(z), . . . , Y˜2n(z))T =
(
y(z),
dy(z)
dz
, . . . ,
d2n−1 y(z)
dz2n−1
)T
, (2.31)
so that
dY˜
dz
= F (z, Y˜ ), (2.32)
where F (z, Y˜ ) is a vector function of Y˜ . Since the 2n × 2n Jacobian matrix J of F at Y˜ = 0 as z → ∞ is given by⎛
⎜⎜⎜⎜⎝
0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 · · · · · · 0 1
kn 0 · · · · · · 0
⎞
⎟⎟⎟⎟⎠ , (2.33)
with kn = (n + 1)βn( (−1)ncn )
n
n+1 = −(n + 1)((−1)ncn) 1n+1 
= 0, it is clear that the eigenvalues of J all differ from zero. Also,
it is easily seen that F (z, Y˜ ) satisﬁes other hypotheses of Theorem 2 with q = 0, the existence of true solutions in proper
sub-sectors in the complex plane with angular width less than π is proved. 
This completes the proof of Theorem 1.
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In view of (2.17) and (2.29), it is readily seen that y(z) is a solution of Eq. (2.30) with asymptotic expansion
(
(−1)n
cn
) 1
n+1 ∞∑
k=1
a(n)k z
−k, (3.1)
which implies y(z) is holomorphic in the sector Sn for z large enough. Hence, as a consequence of Theorem 8.8 in [21] or
Theorem 4 in Chapter 1 of [22], we obtain
Corollary 1. Let w(x) be a tronquée solution of the ﬁrst Painlevé hierarchy (1.2) in the sector Sn deﬁned in (1.11). Then, the asymptotic
expansion of its k-th derivative, w(k)(x), can be obtained by termwise differentiation, i.e.,
w(k)(x) ∼ w(k)f (x), (3.2)
as x → ∞ and x ∈ Sn, where w f (x) is shown in (1.9).
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